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Abstract
Differential conservation laws in Lagrangian field theory are usually related to sym-
metries of a Lagrangian density and are obtained if the Lie derivative of a Lagrangian
density by a certain class of vector fields on a fiber bundle vanishes. However, only two
field models meet this property in fact. In gauge theory of exact internal symmetries, the
Lie derivative by vertical vector fields corresponding to gauge transformations is equal
to zero. The corresponding No¨ether current is reduced to a superpotential that provides
invariance of the No¨ether conservation law under gauge transformations. In the grav-
itation theory, we meet the phenomenon of ”hidden energy”. Only the superpotential
part of energy-momentum of gravity and matter is observed when the general covariant
transformations are exact. Other parts of energy-momentum display themselves if the in-
variance under general covariance transformations is broken, e.g., by a background world
metric. In this case, the Lie derivatives of Lagrangian densities by vector fields which
call into play the stress-energy-momentum tensors fail to be equal to zero in general. We
base our analysis of differential conservation laws on the canonical decomposition of the
Lie derivative of a Lagrangian density L by a projectable vector field on a bundle and
with respect to different Lepagian equivalents of L. Different Lepagian equivalents lead
to conserved quantities which differ from each other in superpotential terms. We have
different stress-energy-momentum tensors depending on different lifts of vector fields on
a base onto a bundle. Moreover, different solutions of the same Euler-Lagrange equations
may require different energy-momentum tensors. We show that different stress-energy-
momentum tensors differ from each other in No¨ether currents. As a consequence, the
energy-momentum conservation law can not take place if internal symmetries are broken.
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1 Discussion
The present work is devoted to differential conservation laws in Lagrangian field theory.
We follow the geometric approach to field theory when classical fields are described by global
sections of a bundle Y → X over a world manifold X . Their dynamics is phrased in terms of
jet manifolds [7, 21, 30, 31, 34].
As a shorthand, one can say that the k-order jet manifold JkY of a bundle Y → X comprises
the equivalence classes jkxs, x ∈ X , of sections s of Y identified by the first k+1 terms of their
Taylor series at a point x. Recall that a k-order differential operator on sections of a bundle Y
is defined to be a bundle morphism of the bundle JkY → X to a vector bundle over X .
We restrict ourselves to the first order Lagrangian formalism, for the most of contemporary
field models are described by first order Lagrangian densities. This is not the case for the
Einstein-Hilbert Lagrangian density of the Einstein’s gravitation theory which belongs to the
special class of second order Lagrangian densities whose Euler-Lagrange equations are however
of the order two as like as in the first order theory. In Part 2 of the work, we shall discuss
particular case of the second order Lagrangian systems in application to gravitation theory
[23, 26]. At the same time, the Einstein’s theory is well-known to be reformulated as the
first-order theory in the Palatini variables when a pseudo-Riemannian metric and a symmetric
connection are considered as independent fields [3, 27]. Also in the gauge theory of gravity,
the gravitation interaction is described by two geometric fields. They are a tetrad gravitational
field and a reduced Lorentz connection which plays the role of a gauge gravitational potential
[18, 29]. All gravitational Lagrangian densities of classical gravity in these variables are of
the first order. In the absence of fermion fields, one can choose a general linear connection
and a pseudo-Riemannian metric as a couple of affine-metric gravitational variables, whereas
consideration of the total system of fermion and gravitational fields calls into play the machinery
of composite spinor bundles [29, 30, 32].
From the mathematical point of view, first order Lagrangian theories are free from many
ambiguities which are present in the higher order ones.
In the first order Lagrangian formalism, the finite-dimensional configuration space of fields
represented by sections s of a bundle Y → X is the first order jet manifold J1Y of Y . Given
fibered coordinates (xµ, yi) of Y , the jet manifold J1Y is endowed with the adapted coordinates
(xµ, yi, yiµ). In physical literature, the coordinates y
i
µ are usually called the velocity coordinates
or the derivative coordinates because of the relation
yiµ(j
1
xs) = ∂µs
i(x).
The jet manifold J1Y is endowed with the natural bundle structures J1Y → Y and J1Y → X .
For the sake of convenience, we shall call J1Y → X the configuration bundle and J1Y → Y
simply the jet bundle.
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A first order Lagrangian density on J1Y is defined to be an exterior horizontal density
L : J1Y →
n
∧T ∗X, n = dimX,
L = L(xµ, yi, yiµ)ω, ω = dx
1 ∧ ... ∧ dxn,
on the configuration bundle J1Y → X . It is polinomial in derivative coordinates yiµ.
By a differential conservation law in first order field theories is meant a relation where the
divergence of a current T appears equal to zero, i.e.
ds∗T = 0 (1)
where T is a horizontal (n− 1)-form on the configuration bundle J1Y → X and s is a section
of the bundle Y → X .
The relation (1) is called a strong conservation law if it is satisfied identically for all sections
s of the bundle Y → X , and it is termed a weak conservation law if it takes place only on
critical sections, i. e., on solutions of field equations. We shall use the symbol ”≈” for weak
identities.
It may happen that the current T conserved weakly is brought into the form
T = W + dU
whereW ≈ 0. In this case, one says that the current T is reduced to the superpotential U [3, 8].
For instance, the No¨ther currents in gauge theory come to superpotentials which depend on
parameters of gauge transformations that provide the gauge invariance of No¨ether conservation
laws (see Section 7).
In gravitation theory also, conserved currents are reduced to superpotentials [3, 26, 28, 35].
Moreover, we meet the phenomenon of ”hidden energy” Only the superpotential part of energy-
momentum of gravity and matter is observed when the general covariant transformations are
exact (see Part 2). The Proca field model illustrates that other parts of energy-momentum of
matter display themselves if the invariance under general covariance transformations is broken,
e.g., by a background world metric (see Section 11).
Usually, one derives the differential conservation laws from invariance of a Lagrangian den-
sity under some group of symmetries.
Every 1-parameter group Gt of bundle (fiber-to-fiber) transformations of a bundle Y → X
is well-known to induce a complete projectable vector field u on Y . In particular, if these are
transformations over the identity morphism IdX of X (or simply over X), the proper vector
field u is a vertical vector field on Y → X that is tangent to fibers of the bundle Y . Conversely,
let u be a projectable vector field on Y → X . Then, there exists a local 1-parameter group of
transformations of Y → X which induces the given vector field u.
Let Gt be a 1-parameter group of bundle isomorphisms of a bundle Y → X and u the
corresponding vector field on Y . One can prove that a Lagrangian density L on the configuration
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space J1Y is invariant under these transformations iff its Lie derivative by the lift u of u onto
J1Y is equal to zero:
LuL = 0. (2)
The equality (2) gives rise to the weak differential conservation law. In particular, if u is a
vertical vector field on a bundle Y → X , we get the current conservation law exemplified by
the well-known No¨ether identities in gauge theory.
At the same time, different notions of symmetries are utilized. One distinguishes usually
between the invariant transformations and the generalized invariant transformations [1, 22, 36].
The latter does not imply the invariance of a Lagrangian density, but the invariance of the
Euler-Lagrange equations (see also [16]). For instance, gauge transformations in the familiar
Yang-Mills gauge theory are invariant transformations, whereas in the Chern-Simon gauge
model, they are generalized invariant transformations. There is no symmetries which would
provide the energy-momentum conservation law without fail. Moreover, in the presense of
background fields, e.g., the background metric field, the Lie derivatives (2) are never equal to
zero, and we have the transformation laws, but not the conservation ones.
Given these circumstances, there are reasons to examine the Lie derivative of a Lagrangian
density by various projectable vector fields u on the bundle Y → X , without assuming it
preliminarly to vanish [7, 11, 33]. At the same time, every such vector field can be treated as
the generator of a local 1-parameter transformation group.
Let
u = uµ(x)∂µ + u
i(y)∂i
be a projectable vector field on a bundle Y → X and u its jet lift (see (9) below) onto the
configuration space J1Y → X . Given a Lagrangian density L, let us compute the Lie derivative
LuL. We get the canonical decomposition
LuL = dHT + uV ⌋EL (3)
where EL is the Euler-Lagrange operator. This is the well-known first variational formula of
the calculus of variations [22, 24]. We follow the conventional formulation of the variational
problem when ”deformations” of sections s of a bundle Y → X are induced by local 1-parameter
groups of transformations of the bundle Y , and the Lie derivatives of Lagrangian densities and
their Lepagean equivalents by the corresponding vector fields on Y are examined [1, 5, 6, 17,
22, 24, 25]. The Euler-Lagrange operator EL, by definition, vanishes on the critical sections of
the bundle Y → X , and the equality (3) comes to the weak identity
s∗LuL ≈ −
d
dxλ
[πλi (u
µ∂µs
i − ui)− uλL]ω (4)
where
πµi = ∂
µ
i L
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denotes the Lagrangian momenta. It is the identity (4) that most authors utilize in order to
get differential conservation laws in field theory [7, 8, 9, 11, 15, 33].
If the Lagrangian density L satisfies the strong equality (2), the weak identity (4) takes the
form of the weak conservation law of the current
T λ = πλi (u
µ∂µs
i − ui)− uλL.
The gauge theory of exact internal symmetries and the gravitation theory on bundles of ge-
ometric objects are two examples of theories where we can utilize that the Lie derivatives of
Lagrangian densities are equal to zero.
Note that the current T in the expression (3) depends on the choice of the Lepagian equiva-
lent of the Lagrangian density L. Different Lepagian equivalents lead to currents T which differ
from each other in the superpotential terms (see Section 4).
In this work, we analize the different types of transformation and conservation laws resulting
from the weak identity (4). The most of differential transformation and conservation laws of field
theory, including the energy-momentum transformation laws, the general covariance condition
and the above-mentioned No¨ether conservation laws, can be recovered in this way.
Let u be a vector field on the bundle Y → X which is projectable onto a vector field τ on
the base X . Then, u can be represented as the sum of some lift of τ onto Y and a vertical vector
field on Y . It follows that every weak identity (4) can be represented as the superposition of
this identity when u is a vertical vector field (i.e., the identity of the No¨ether type) and that
when u is a lift of a vector field on X anto Y .
In general case, a vector field τ on the base X gives rise to a vector field on Y only by
means of a connection on the bundle Y → X . Note that some bundles admit the canonical lift
of vector fields τ on X .
Let
τ = τλ∂λ
be a vector field on X and
τΓ = τ
µ(∂µ + Γ
i
µ∂i)
its horizontal lift onto Y by a connection Γ on Y → X . In this case, the identity (4) takes the
form
s∗LτΓL ≈ −
d
dxλ
[τµTΓ
λ
µ(s)]ω (5)
where
TΓ
λ
µ(s) = π
λ
i (∂µs
i − Γiµ)− δ
λ
µL
is the stress-energy-momentum (SEM) tensor of a field s relative to the connection Γ. This is
a particular case of SEM tensors [9, 15, 20].
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For instance, let us choose the trivial local connection Γiµ = 0. In this case, the identity (5)
recovers the well-known conservation law
∂L
∂xλ
+
d
dxλ
T λµ(s) ≈ 0
of the canonical energy-momentum tensor
T λµ(s) = π
λ
i ∂µs
i − δλµL.
This however fails to be a well-behaved mathematical object.
The crucial point lies in the fact that the Lie derivative
LτΓL = {∂µτ
µL+ [τµ∂µ + τ
µΓiµ∂i + (∂λ(τ
µΓiµ) + τ
µyjλ∂jΓ
i
µ − y
i
µ∂λτ
µ)∂λi ]L}ω
is almost never equal to zero. Therefore, it is not obvious what SEM tensor is the true energy-
momentum tensor, i.e., how to choose the connection Γ in order to lift vector fields τ on the
base onto the bundle Y . It may happen that different solutions of the same field equations
require different SEM tensors in general [30, 33]. At the same time, the SEM tensors relative
to different connections Γ and Γ′ on Y differ from each other in a No¨ether current associated
with the vertical vector field τΓ − τΓ′ on the bundle Y → X .
One finds clear illustration of this phenomenon in the framework of the time-dependent
mechanics when Y is a bundle over R and there is the 1:1 correspondence between the vertical
vector fields and the connections on Y . In this case, any first integral of motion appears to be
a part of the stress-energy function relative to a suitable connection [6].
It should be mentioned the pecularity of field theories on the bundles of geometric objects
examplified by tensor bundles and bundles of linear connections. In this case, there exists the
canonical lift τ˜ of a vector field on the base X onto such a bundle. This lift consists with the
horizontal lift of τ by means of the connection which meets τ as the geodesic field. Calculation
of the Lie derivative by this lift results in the general covariance condition of a Lagrangian
density. The corresponding SEM conservation law contains the superpotential term (see Section
8). Being applied to Einstein’s gravitation theory in its traditional second-order formulation
[23, 26] and in the Palatini variables [3], this conservation law leads us to the well-known Komar
superpotential. In Part 2 of the work, we extend this approach to the affine-metric gravitation
theory and the gauge gravitation theory. The total gauge model of gravity and fermion fields
which calls into consideration the composite spinor bundle
S → Σ→ X4
over the bundle of gravitational fields Σ→ X4. The pecularity of a Lagrangian system on this
composite bundle lies in the fact that Lagrangian momenta of fermion fields and gravitational
fields are not independent.
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Let us emphasize that, in general case of both space-time and internal symmetries, a Lagran-
gian density can not satisfy the general covariance conditions if internal symmetries are broken
(see Section 8). As a consequence, in field theories with broken internal symmetries, no energy-
momentum tensor is conserved. The gauge breaking of the differential energy-momentum con-
servation law in the Chern-Simons gauge theory illustrates this phenomenon (see Section 12).
2 Geometric preliminaries
This Section aims to remind the basic notations and operations of the jet machinery that we
shall refer to.
All morphisms throughout are differentiable mappings of class C∞. Manifolds are real,
Hausdorff, finite-dimensional, second-countable (hence paracompact), and connected.
We use the conventional symbols ⊗, ∨ and ∧ for the tensor, symmetric and exterior products
respectively. By ⌋ is meant the interior product (contraction) of multivectors on the right and
forms on the left.
The symbols ∂AB denote partial derivatives with respect to coordinates possessing multi-
indices BA .
The tangent bundle TM and the cotangent bundle T ∗M of the manifold M are provided
with atlases of the induced coordinates (zλ, z˙λ) and (zλ, z˙λ) relative to the holonomic fiber bases
{∂λ} and {dz
λ} of TM and T ∗M respectively. If f :M →M ′ is a manifold mapping, by
Tf : TM → TM ′,
z˙′λ ◦ Tf =
∂fλ
∂zα
z˙α,
is meant the tangent morphism to f .
Fiber bundles
By a fiber bundle or simply a bundle is meant a locally trivial fibered manifold
π : Y → X.
The projection π is a surjective submersion when both π and the tangent morphism Tπ are
surjections. We use the symbols y and x for points of the bundle Y and its base X respectively.
A bundle Y → X is endowed with an atlas of bundle coordinates (xλ, yi) where (xλ) are
coordinates of the base X . We assume the manifold X to be oriented.
The differentiable structure on Y possesses some pecularities because of the fibration Y →
X .
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The tangent bundle TY → Y of a bundle Y has the vertical subbundle
V Y = Ker Tπ
which consists of the tangent vectors to the fiberes of Y . It is provided with the induced
coordinates (xλ, yi, y˙i) with respect to the fiber bases {∂i}. The vertical cotangent bundle
V ∗Y → Y of Y , by definition, is the vector bundle dual to the vertical tangent bundle V Y → Y .
Let us emphasize that this is not a subbundle of the cotangent bundle T ∗Y of Y .
For the sake of simplicity, we shall denote the bundle pullbacks
Y ×
X
TX, Y ×
X
T ∗X
simply by TX and T ∗X .
The vertical tangent bundles V Y of many bundles utilized in field theory are trivial bundles,
that is,
V Y = Y ×
X
Y
where Y → X is a vector bundle. This construction is called the vertical splitting. In particular,
a vector bundle Y → X admits the canonical vertical splitting
V Y = Y ×
X
Y.
An affine bundle Y modelled on a vector bundle Y also has the canonical vertical splitting
V Y = Y ×
X
Y .
Vector fields and differential forms
We shall deal with the following particular types of vector fields and differential forms on a
bundle Y → X :
• a projectable vector field
u = uµ(x)∂µ + u
i(y)∂i,
which covers a vector field
τu = u
µ(x)∂µ
on the base X such that
τu ◦ π = Tπ ◦ u;
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• a vertical vector field
u = ui(y)∂i : Y → V Y ;
• an exterior horizontal form
σ : Y →
r
∧T ∗X ;
• a tangent-valued horizontal form
σ : Y →
r
∧T ∗X ⊗
Y
TY ;
• a vertical-valued soldering form
σ : Y → T ∗X ⊗
Y
V Y,
σ = σiλ(y)dx
λ ⊗ ∂i
and, in particular, the canonical soldering form
θX = dx
λ ⊗ ∂λ
on TX ;
• the pullback
π∗σ(t1, . . . , tk) = σ(Tπ(t1), . . . , Tπ(tk)), t1, . . . , tk ∈ TY,
of an exterior k-form σ on X onto Y .
Exterior horizontal n-forms are called horizontal densities. We shall refer to the notation
ω = dx1 ∧ · · · ∧ dxn, ωλ = ∂λ⌋ω, ∂µ⌋ωλ = ωµλ.
For any vector field τ on X , we can define its pullback
π∗τ = τ ◦ π : Y → TX
on Y . This is not a vector field on Y , for the tangent bundle TX of X fails to be a subbundle of
the tangent bundle TY of Y . One needs a connection on Y → X in order to set the imbedding
TX →֒ TY .
The Lie derivative Luσ of an exterior form σ by a vector field u satisfies the relation
Luσ = u⌋dσ + du⌋σ.
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One can refer to this relation as the definition of this Lie derivative. We recall other useful
formulas concerning with Lie derivatives and differential forms:
Lu(σ ∧ σ
′) = Luσ ∧ σ
′ + σ ∧ Luσ
′, (6)
Ludσ = d(Luσ),
and also
u⌋(σ ∧ σ′) = u⌋σ ∧ σ′ + (−1)|σ|σ ∧ u⌋σ′,
dπ∗σ = π∗dσ.
Jet manifolds
The first order jet manifold J1Y of a bundle Y → X is provided with an atlas of adapted
coordinates (xλ, yi, yiλ) possessing the transition functions
y′
i
λ = (
∂y′i
∂yj
yjµ +
∂y′i
∂xµ
)
∂xµ
∂x′λ
.
A glance at this transition functions shows that the jet bundle
π10 : J
1Y → Y
is an affine bundle. It is modelled on the vector bundle
T ∗X ⊗
Y
V Y → Y.
We shall denote elements of J1Y by z.
There exists the following canonical bundle monomorphisms of the jet bundle J1Y → Y :
• the contact map
λ1 : J
1Y →֒
Y
T ∗X ⊗
Y
TY,
λ1(z) = dx
λ ⊗ ∂̂1λ = dx
λ ⊗ (∂λ + y
i
λ∂i), (7)
• the complementary morphism
θ1 : J
1Y →֒ T ∗Y ⊗
Y
V Y, (8)
θ1(z) = d̂y
i ⊗ ∂i = (dy
i − yiλdx
λ)⊗ ∂i.
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These canonical morphisms enable us to phrase the jet manifold machinery in the familiar
terms of tangent-valued forms.
The operators
∂̂1λ = ∂λ + y
i
λ∂i
are usually called the total derivatives or the formal derivatives. The forms
d̂yi = dyi − yiλdx
λ
are conventionally termed the contact forms.
We have the so-called jet functor from the category of bundles to the category of jet man-
ifolds [21]. It implies the natural prolongation of morphisms of bundles to morphisms of jet
manifolds.
Every bundle morphism of Φ : Y → Y ′ over a diffeomorphism f ofX has the jet prolongation
to the bundle morphism
j1Φ : J1Y → J1Y ′,
y′
i
µ ◦ j
1Φ = (∂λΦ
i + ∂jΦ
iyjλ)
∂(f−1)λ
∂x′µ
,
over Φ.
In particular, every section s of a bundle Y → X admits the jet prolongation to the section
j1s of the bundle J1Y → X :
(j1s)(x)
def
= j1xs,
(yi, yiλ) ◦ j
1s = (si(x), ∂λs
i(x)).
Every projectable vector field
u = uλ(x)∂λ + u
i(y)∂i
on a bundle Y → X gives rise to the projectable vector field
u = j10u = u
λ∂λ + u
i∂i + (∂λu
i + yjλ∂ju
i − yiµ∂λu
µ)∂λi (9)
on the bundle J1Y → X . If u is a vertical field, its lift
u : J1Y → V J1Y
consists with the jet prolongation
j1u : J1Y → J1V Y
of u because of the canonical bundle isomorphism
V J1Y = J1V Y.
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Application of the jet formalism to differential geometry produces the canonical splitting of
the pullback bundle
J1Y ×
Y
TY = TX ⊕
J1Y
V Y, (10)
x˙λ∂λ + y˙
i∂i = x˙
λ(∂λ + y
i
λ∂i) + (y˙
i − x˙λyiλ)∂i,
which is induced by the contact map (7).
As an immediate consequence of the splitting (10), one obtains the corresponding splitting
π1∗0 u = uH + uV = u
λ(∂λ + y
i
λ∂i) + (u
i − uλyiλ)∂i. (11)
of the pullback π1∗0 u of any vector field
u = uλ∂λ + u
i∂i
on Y → X onto J1Y . In other words, there is the canonical splitting of every vector field on a
bundle Y over J1Y .
Similarly, the complementary morphism (8) yields the canonical horizontal splitting of an
exterior 1-form
π1∗0 σ = σλdx
λ + σidyi = (σλ + y
i
λσi)dx
λ + σi(dy
i − yiλdx
λ), (12)
a tangent-valued horizontal form
φ = dxλ1 ∧ · · · ∧ dxλr ⊗ (φµλ1...λr∂µ + φ
i
λ1...λr
∂i)
= dxλ1 ∧ · · · ∧ dxλr ⊗ [φµλ1...λr(∂µ + y
i
µ∂i) + (φ
i
λ1...λr
− φµλ1...λry
i
µ)∂i]
where we mean summation with respect to ordered collections λ1 . . . λr and the canonical sol-
dering 1-form
θY = dx
λ ⊗ ∂λ + dy
i ⊗ ∂i = λ1 + θ1 = dx
λ ⊗ ∂̂1λ + d̂y
i ⊗ ∂i (13)
on Y . The splitting (13) implies the canonical splitting of the exterior differential
d = dH + dV .
on the pullbacks π1∗0 σ of horizontal exterior forms
σ = σλ1...λr(y)dx
λ1 ∧ · · · ∧ dxλr
on Y → X onto J1Y . In this case, dH makes the sense of the total differential
dHπ
1∗
0 σ = ∂̂
1
µσλ1...λr(y)dx
µ ∧ dxλ1 ∧ · · · ∧ dxλr , (14)
13
whereas dV is the vertical differential
dV π
1∗
0 σ = ∂iφλ1...λr(y)d̂y
i ∧ dxλ1 ∧ · · · ∧ dxλr . (15)
Connections
Let Γ be a section of the jet bundle J1Y → Y . The replacement
yiλ = Γ
i
λ(y)
into the canonical splitting (10) results in the familiar horizontal splitting of the tangent bundle
TY of Y with respect to a connection on Y . Moreover, there is the 1:1 correspondence between
the global sections
Γ = dxλ ⊗ (∂λ + Γ
i
λ∂i)
of the affine jet bundle J1Y → Y and the connections on the bundle Y → X . In particular, a
linear connection K on the tangent bundle TX of a manifold X and the dual connection K∗
to K on the cotangent bundle T ∗X are given by the coordinate expressions
Kαλ = −K
α
νλ(x)x˙
ν ,
K∗αλ = K
ν
αλ(x)x˙ν .
Connections on a bundle Y → X constitute the affine space modelled on the linear space
of soldering 1-forms on Y . It means that, if Γ is a connection and σ is a soldering form on a
bundle Y , its sum
Γ + σ = dxλ ⊗ [∂λ + (Γ
i
λ + σ
i
λ)∂i]
is a connection on Y . Conversely, if Γ and Γ′ are connections on a bundle Y , then their difference
Γ− Γ′ = (Γiλ − Γ
′i
λ)dx
λ ⊗ ∂i
is a soldering form on Y .
Given a connection Γ, its curvature is the V Y -valued 2-form
R =
1
2
Riλµdx
λ ∧ dxµ ⊗ ∂i,
Riλµ = ∂λΓ
i
µ − ∂µΓ
i
λ + Γ
j
λ∂jΓ
i
µ − Γ
j
µ∂jΓ
i
λ.
A connection Γ on a bundle Y → X yields the affine bundle morphism
DΓ : J
1Y ∋ z 7→ z − Γ(π10(z)) ∈ T
∗X ⊗
Y
V Y,
DΓ = (y
i
λ − Γ
i
λ)dx
λ ⊗ ∂i.
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It is called the covariant differential relative to the connection Γ. The corresponding covariant
derivative of a section s of Y reads
∇Γs = DΓ ◦ J
1s = [∂λs
i − (Γ ◦ s)iλ]dx
λ ⊗ ∂i.
In particular, a section s of Y → X is called the integral section for a connection Γ on Y if
∇Γs = 0, that is,
Γ ◦ s = J1s.
Higher order jet manifolds
Applying the jet functor to the jet bundles, one comes to the higher order jet manifolds.
The repeated jet manifold J1J1Y , by definition, is the first order jet manifold of the bundle
J1Y → X . It is provided with the adapted coordinates
(xλ, yi, yiλ, y
i
(µ), y
i
λµ).
Its subbundle Ĵ2Y given by the coordinate relation
yi(λ) = y
i
λ
is called the sesquiholonomic jet manifold. The second order jet manifold J2Y of Y , in turn,
consists with the subbundle of Ĵ2Y given by the coordinate relation
yiλµ = y
i
µλ.
In particular, the repeated jet prolongation j1j1s of a section s of Y → X is a section of
the bundle J1J1Y → X . It takes its values into J2Y and consists with the second order jet
prolongation j2s of s:
(j1j1s)(x) = (j2s)(x) = j2xs.
Given a symmetric connection K on the cotangent bundle T ∗X , every connection Γ on a
bundle Y → X yields the connection
JΓ = dxµ ⊗ [∂µ + Γ
i
µ∂i + (∂λΓ
i
µ + ∂jΓ
i
µy
j
λ −K
α
λµ(y
i
α − Γ
i
α))∂
λ
i ]
on the bundle J1Y → X . Note that the curvature R of a connection Γ on a bundle Y → X
induces the soldering form
σR = R
i
λµdx
µ ⊗ ∂λi
on J1Y → X .
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In a similar way, one can describe jet manifolds JrY of any finite order r and the infinite
order jet pace J∞Y which, by definition, is the projective limit of the inverse system
X
pi
←−Y
pi1
0←− . . . Jr−1Y
pir
r−1
←− JrY
pir+1r←− . . .
The infinite order jet space J∞Y is endowed with the inverse limit topology. It can be coordi-
natized by
(xα, yi, . . . , yiλ1...λr , . . .)
where λ1 . . . λr are collections of numbers modulo rearrangements, but it fails to be a well-
behaved manifold in general. At the same time, one can introduce the sheaf of smooth functions
on J∞Y and define the differential calculus on J∞Y [1, 22, 36]. Suitable notation for vector
fields, derivatives and differential forms just as like as in the finite order case.
A vector field ur on the r-order jet manifold J
rY is called projectable if for any k < r there
exists a vector field uk on J
kY → X such that
uk ◦ π
r
k = Tπ
r
k ◦ ur.
The tangent morphism Tπrk sends projectable vector fields on J
rY onto the projectable vector
fields on JkY . In what follows we shall be interested in projectable vector fields ur which
are extension to the higher order jet manifolds of infinitesimal transformations of the bundle
Y → X . The linear space of projectable vector fields on J∞Y , by definition, is the limit of
the inverse system of projectable vector fields on finite order jet manifolds. As a consequence,
every projectable vector field
u = uλ∂λ + u
i∂i
on a bundle Y → X gives rise to a projectable vector field u∞ on J∞Y . We have its canonical
decomposition
u∞ = u∞H + u
∞
V ,
u∞H = u
λ∂̂∞λ = u
λ(∂λ + y
i
λ∂i + ...), (16)
u∞V =
∞∑
k=0
∂̂kλk ...∂̂
1
λ1
uV
i∂λ1...λki ,
where uV is the vertical part of the splitting (11) of π
1∗
0 u. In particular, u
∞
H is the canonical lift
of the vector field τ = uλ∂λ on X onto J
∞Y .
By the same limiting process, the notions of inner product of exterior forms and projectable
vector fields, the Lie bracket of projectable vector fields and the Lie derivative of exterior forms
by projectable vector fields on J∞Y can be introduced. All the usual identities are satisfied.
In particular, the notion of contact forms is extended to the forms
d̂yiλ1...λr = dy
i
λ1...λr
− yiλ1...λrνdx
ν .
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Let Ωr,k denote the space of exterior forms on J∞Y which are of the order r in the horizontal
forms dxν and of the order k in the contact forms. Then, the space Ωn of exterior n-forms on
J∞Y admits the unique decomposition
Ωn = Ωn,0 ⊕ Ωn−1,1 ⊕ . . .⊕ Ω0,n. (17)
An exterior form is called a k-contact form if it belongs the space Ωr,k. We denote by hk the
k-contact projection
hk : Ω
n → Ωn−k,k.
For example, the horizontal projection h0 performs the replacement
dyiλ1...λk → y
i
λ1...λkν
dxν .
Note that if σ is an exterior form on the finite order jet manifold JrY , the decomposition
(17) of the pullback
π∞∗r σ = h0(σ) + · · ·
is reduced to the decomposition
πr+1∗r σ = h0(σ) + · · · .
The canonical splitting (12) exemplifies this decomposition in case of 1-forms on Y .
Also the exterior differential operator on exterior forms on J∞Y is decomposed into the
sum
d = dH + dV (18)
of the total differential operator
dHφ = ∂̂
∞
µ φ...dx
µ ∧ . . .
and the vertical differential operator
dV φ =
∂φ...
∂yiλ1...λr
d̂yiλ1...λr ∧ . . .
These differentials satisfy the cohomology properties
dHdH = 0, dV dV = 0, dV dH + dHdV = 0.
Note that if σ is an exterior form on the finite order jet manifold JrY , the decomposition
(18) is reduced to
πr+1∗r dσ = dHσ + dV σ.
Differentials dH and dV are exemplified respectively by the differentials (14) and (15) in case
of r = 0.
We have the relation
h0(dσ) = dHh0(σ) (19)
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PART 1
In this Part of the work, we discuss the canonical decomposition (3) which leads to the
weak identity (4) and analize the different expressions of this weak identity depending on the
different types of vector fields u on bundles.
3 Lagrangian formalism of field theory
Here we do not go deeply into the calculus of variations, but remind just some basic ingredients
in it.
Let Y → X be a bundle coordinatized by (xλ, yi) and s denote its sections. Let N be an
n-dimensional compact submanifold of X with the boundary ∂N . A smooth deformation of
a section s with fixed boundary on a neighborhood U of N is defined to be a one-parameter
family st of sections on U such that s0 = s and st = s on some neighborhood of ∂N . This
family defines a vertical vector field along the section s. There always exists a vertical field u
on Y vanishing on a neighborhood of π−1(∂N) which induces these transformations. This is
called an admissible vector field.
Let ρ be an exterior n-form on the r-order jet manifold JrY . Given a section s of Y → X ,
let us consider the pullback jrs∗ρ of ρ by the r-order jet prolongation jrs of s. For the sake of
simplicity, we shall denote the pullbacks jrs∗ρ by s∗ρ.
A section s is called a critical point of the variational problem of the form ρ iff, for any
vertical vector field u on the bundle Y → X which vanishes over a neighborhood of ∂N , we
have ∫
N
s∗Lurρ = 0 (20)
where ur = jr0u denotes the r-order jet lift of u onto the jet manifold J
rY .
Building on the formula (6), one can write
s∗Lurρ = s
∗d(ur⌋ρ) + s∗(ur⌋dρ),
and bring the functional (20) into the form∫
N
s∗Lurρ =
∫
∂N
s∗(ur⌋ρ) +
∫
N
s∗(ur⌋dρ). (21)
It may happen however that the relation (21) is not appropriate in order to get field equations
since the second term in the raght hand side may depend on derivatives of components of the
vector field u and may contribute in the first one integrated over the boundary ∂N .
For instance, let L = Lω be a first order Lagrangian density on the jet manifold J1Y of Y .
We have
s∗(u⌋dL) = s∗[ui∂iL+ ∂̂λu
i∂λi L]ω (22)
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where u is the jet lift (9) of u onto J1Y . The second term in the expression (22) can be rewritten
∂̂λu
i∂λi Lω = ∂̂λ(u
i∂λi L)ω − u
i∂̂λ(∂
λ
i L)ω.
It contains the exact form which we should carry to the boundary integral.
This example shows that the condition
s∗(ur⌋dρ) = 0
is fit on critical sections only if, for any section s, the form s∗(ur⌋dρ) depends on components
of the vector field u, but not of their derivatives. The forms ρ which meet this property, by
definition, are the Lepagian forms.
Indeed, if ρ is an n-form on JrY , the following conditions are equivalent [22].
• The 1-contact projection h1(π
r+1∗
r dρ) is a horizontal form on the jet bundle J
r+1Y → Y ,
that is, it is expanded in the terms dxλ and dyi only.
• For each projectable vector field ur on J
rY , the horizontal projection h0(ur⌋dρ) depends
on the πr0-projection of ur only.
• For every vertical vector field on the jet bundle JrY → Y , we have
h0(ur⌋dρ) = 0.
Lagrangian densities fail to be the Lepagian forms in general. One however can replace
the variational problem of a Lagrangian density L with the variational problem of a suitable
Lepagian form ρL called the Lepagian equivalent of L. This is a Lepagian form on J
r+kY
satisfying the condition
h0(ρL) = π
r+k+1∗
r L.
Hence, we get the equality ∫
N
s∗L =
∫
N
s∗ρL.
It follows that the variational problem of the Lagrangian density L is equivalent to the varia-
tional problem of its Lepagian equivalent ρL over sections s of the bundle Y → X , but not to
the variational problem of ρL over sections s of J
r+kY → X . Since
s∗h0(ρL) 6= s
∗ρL,
it may happens that the projection πr+kr ◦s of a critical section s for the form ρL is not a critical
section for the Lagrangian density L.
It was proved in several ways that, given an r-order Lagrangian density, its Lepagian equiv-
alents of order 2r− 1 always exist. Their local expressions are known [14, 24]. These Lepagian
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equivalents of an r-order Lagrangian density constitute an affine space modelled on the linear
space of the Lepagian equivalents of the r-order zero Lagrangian density. The origin of this
affine space is usually chosen to be some Cartan form. It is the (k ≤ 1)-contact form expanded
in horizontal forms and the contact forms d̂yiµ1...µk<r .
At the same time, every Lepagian form ρ is the Lepagian equivalent of the Lagrangian
density
L = h0(ρ).
Let ρL be a Lepagian equivalent of the r-order Lagrangian density L. We have the relation
Lur+1h0 = h0Lur
for any projectable vector field u on the bundle Y → X . In view of this relation, we find that
π2r∗r LurL = h0(Lu2r−1ρL) = h0(u
2r−1⌋dρL) + h0(du
2r−1⌋ρL) (23)
for any projectable vector field u on Y → X . This relation is called the first variational formula.
The critical sections s of Y → X for the variational problem of the r-order Lagrangian density
L, by definition, must satisfy the relation
s∗u2r−1⌋dρL = 0 (24)
for all vertical fields u on Y → X .
At the same time, the critical sections s of the bundle J2r−1Y → X for the variational
problem of the Lepagian equivalent ρL, by definition, satisfy the relation
s∗ur⌋dρL = 0 (25)
for all vertical vector fields ur on J
2r−1Y → X . Note that, given such a critical section, the
relation (25) holds also for every vector field on J2r−1Y .
Hereafter, we restrict our consideration to first order Lagrangian densities L and their
Lepagian equivalents on the first order jet manifold J1Y . In this case, the Cartan form ΞL
consits with the Poincare´-Cartan form and, in comparison with other Lepagian equivalents, is
uniquely defined by the Lagrangian density L. It is given by the coordinate expression
ΞL = Lω + π
λ
i (dy
i − yiµdx
µ) ∧ ωλ. (26)
We choose it as the origin of the affine space of the Lepagian equivalents of the first order
Lagrangian density L. Then, the general local expression for a Lepagian equivalent of the first
order Lagrangian density L reads
ρL = ΞL − (∂̂νc
µν
i d̂y
i + cµνi d̂y
i
ν) ∧ ωµ + χ (27)
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where cµνi = −c
νµ
i are skew-symmetric functions on Y and χ is a (k > 1)-contact form on J
1Y
[14].
Let us consider the variational problem of the Poincare´-Cartan form ΞL (26) over section s
of the configuration bundle J1Y → X . The critical sections s, by definition, obey the relation
s∗u1⌋dΞL = 0 (28)
for all vertical vector fields
u1 = u
i∂i + u
i
µ∂
µ
i
on J1Y → X . Due to arbitrariness of the functions ui and uiµ, the critical section s ought to
satisfy the system of first order differential equations
∂µj π
λ
i (∂λs
i − siλ) = 0, (29a)
∂iL − (∂λ + s
j
λ∂j + ∂λs
j
µ∂
µ
j )∂
λ
i L+ ∂iπ
λ
j (∂λs
j − sjλ) = 0. (29b)
They are called the Cartan equations. Note that, given a solution s of the Cartan equations,
the relation (28) holds for all vector fields on J1Y .
Now turn to the variational problem of a first order Lagrangian density L. In this case, the
first variational formula (23) reads
π2∗1 LuL = h0(u⌋dρL) + h0(du⌋ρL) (30)
for any projectable vector field u on Y . After simple calculations, we get
π2∗1 LuL = uV ⌋EL + h0(du⌋ρL) (31)
where
uV = (u⌋d̂y
i)∂i
is the vertical part of the canonical splitting (11) of the pullback π1∗0 u of u onto J
1Y , and
EL = [∂i − (∂λ + y
j
λ∂j + y
j
µλ∂
µ
j )∂
λ
i ]Ldy
i ∧ ω = δiLdy
i ∧ ω (32)
is the Euler-Lagrange operator associated with the Lagrangian density L. Its coefficients δiL are
called the variational derivatives of the Lagrangian density L. It follows that critical sections s
of the bundle Y → X for the variational problem of the first order Lagrangian density L satisfy
the second order Euler-Lagrange equations
∂iL − (∂λ + ∂λs
j∂j + ∂λ∂µs
j∂µj )∂
λ
i L = 0. (33)
It is readily observed that the Euler-Lagrange equations (33) are equivalent to the Cartan
equations (29a) and (29b) when the Lagrangian density is regular. In this case, the Cartan
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equations admit only holonomic solutions s = j1s. It follows that the variational problem of a
Lagrangian density L is equivalent to the variational problem of its Poincare´-Cartan equivalent
when L is regular, otherwise in general case.
Note that different Lagrangian densities L and L′ can result in the same Euler-Lagrange
operator EL = EL′ . It means that they differ from each other in the Lagrangian density L0
whose Euler-Lagrange operator EL0 is equal to zero. It can be proved [22] that the nesessary
and suffisient condition for EL0 = 0 is that there exists a closed n-form ǫ on the bundle Y such
that
L0 = h0(ǫ). (34)
Note that this form ǫ is not the Poincare´-Cartan form in general.
Any closed form ǫ on the jet manifold J1Y is a Lepagean form. Let L be a Lagrangian
density L and ρL its Lepagian equivalent. Then, the Lepagian form ρL + ǫ is the Lepagean
equivalent of the Lagrangian density
L′ = L+ h0(ǫ)
which, as like as the Lagrangian density L, leads to the same Euler-Lagrange operator. In
particular, L′ = L if ǫ is a contact form.
Remark that, since J1Y → Y is an affine bundle, the de Rham cohomologies of J1Y consists
with those of Y [1]. It means that every closed exterior form on J1Y is the sum of the pullback
of a closed exterior form on Y onto J1Y and an exact form on J1Y .
4 Conservation laws
In the first order Lagrangian theory, we have the following differential transformation and
conservation laws on solutions of the Euler-Lagrange equations (33).
Let L be a Lagrangian density on the jet manifold J1Y . For the sake of simplicity, we shall
denote the pullback π1∗0 L of L onto J
2Y by the same symbol L.
Let u be a projectable vector field on Y → X and u its jet lift (9) onto the configuration
bundle J1Y → X . We recall that the vector field u is associated with some 1-parameter group
of transformations of the bundle Y .
Let us compute the Lie derivative LuL of the horizontal density L when its Lepagian equiv-
alent is chosen to be the Poincare´-Cartan form ΞL (26). We recover the first variational formula
(31) in case of projectable vector fields on Y as follows [11, 33]:
LuL = uV ⌋EL + h0(du⌋ΞL). (35)
Since the Poincare´-Cartan form ΞL is a horizontal form on the jet bundle J
1Y → Y and
the relation (19) holds, the formula (35) takes the form
LuL = uV ⌋EL + dHh0(u⌋ΞL). (36)
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Being restricted to the kernel
[∂i − (∂λ + y
j
λ∂j + y
j
µλ∂
µ
j )∂
λ
i ]L = 0
of the Euler-Lagrange operator EL (32), the equality (36) reduces to the weak identity
LuL ≈ dHh0(u⌋ΞL), (37)
∂λu
λL+ [uλ∂λ + u
i∂i + (∂λu
i + yjλ∂ju
i − yiµ∂λu
µ)∂λi ]L ≈ ∂̂λ[π
λ
i (u
i − uµyiµ) + u
λL],
∂̂λ = ∂λ + y
i
λ∂i + y
i
µλ∂
µ
i .
On solutions s of the Euler-Lagrange equations, the weak identity (37) comes to the weak
differential transformation law
s∗LuL ≈ d(s
∗u⌋ΞL) (38)
which takes the coordinate form (4).
Note that, in order to obtain the differential transformation laws on solutions of a given
system of Euler-Lagrange equations (33), one can examine other Lepagian equivalents ρL of the
Lagrangian density L, besides the Poincare´-Cartan form ΞL. In this case, the first variational
formula (30) and the corresponding weak identity
LuL ≈ h0(du⌋ρL)
differ from relations (35) and (37) respectively in the strong identity
0 = h0(du⌋ε) = dHh0(u⌋ε) (39)
where ρL = ΞL+ε. From the physical point of view, it means that different Lepagian equivalents
result in different superpotentials h0(u⌋ε) in the transformation laws.
In virtue of the formula (27), the form ε in the identity (39) has the coordinate expression
ε = −(∂̂νc
µν
i d̂y
i + cµνi d̂y
i
ν) ∧ ωµ + χ.
It is the general local expression for Lepagian equivalents of the zero Lagrangian density. We
have
h0(u⌋ε) = ∂̂ν [(u
i − yiλu
λ)cµνi ]ωµ.
One can consider also other Lagrangian densities L′ which possess the same Euler-Lagrange
operator EL. Then in virtue of the relation (34), the first variational formula and the corre-
sponding weak identity differ from relations (35) and (37) respectively in the strong identity
Luh0(ǫ) = h0(du⌋ǫ) (40)
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where ǫ is some closed exterior form on Y . However, if the form h0(ǫ) possesses the same
symmetries as the Lagrangian density L only, the contribution of the strong identity (40) into
the weak identity (37) is not tautological.
It is readily observed that the weak identity (37) is linear in the vector field u, and we can
consider superposition of different weak identities (37) corresponding to different vector fields
u. For instance, if u and u′ are projectable vector fields on the bundle Y → X which are
projected onto the same vector field on the base X , their difference u − u′ is a vertical vector
field on Y → X . Accordingly, the difference of the weak identity (37) with respect the vector
fields u and u′ results in the weak identity (37) with respect to the vertical vector field u− u′.
Now let us consider the case when a Lagrangian density L depends on background fields.
We define such a Lagrangian density as the pullback of the Lagrangian density Ltot on the total
configuration space by some fixed sections φ(x) describing background fields.
Let us consider the product
Ytot = Y ×
X
Y ′ (41)
of the bundle Y whose sections are dynamic fields and the bundle Y ′ whose sections φ play the
role of background fields. Let the bundles Y and Y ′ be coordinatized by (xλ, yi) and (xλ, yA)
respectively. The Lagrangian density Ltot is defined on the total configuration space J
1Ytot.
Let u be a projectable vector field on Ytot which is also projectable with respect to projection
Y ×
X
Y ′ → Y ′.
It has the coordinate form
u = uλ(x)∂λ + u
A(xµ, yB)∂A + u
i(xµ, yB, yj)∂i.
It is the natural requirement which means that transformations of background fields are inde-
pendent on dynamic fields.
Calculating the Lie derivative of the Lagrangian density Ltot by this vector field, we get the
equality
∂λu
λLtot + [u
λ∂λ + u
A∂A + u
i∂i + (∂λu
A + yBλ ∂Bu
A − yAµ ∂λu
µ)∂λA +
(∂λu
i + yBλ ∂Bu
i + yjλ∂ju
i − yiµ∂λu
µ)∂λi ]Ltot = ∂̂λ[π
λ
i (u
i − uµyiµ) + u
λLtot] +
(ui − yiλu
λ)(∂i − ∂̂λ∂
λ
i )Ltot + (u
A − yAλ u
λ)∂ALtot + π
λ
A∂̂λ(u
A − yAµ u
µ).
It is readily observed that this equality is brought into the form
∂λu
λLtot + [u
λ(∂λ + y
B
λ ∂B + y
B
µλ∂
µ
B)L+ u
i∂i + (∂̂λu
i − yiµ∂λu
µ)∂λi ]Ltot =
∂̂λ[π
λ
i (u
i − uµyiµ) + u
λLtot] + (u
i − yiλu
λ)(∂i − ∂̂λ∂
λ
i )Ltot.
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The pullback of this equality to the bundle Y → X by sections φA(x) of the bundle Y ′ which
describe the background fields results in the familiar expression (36) and the familiar weak
identity (37) for the Lagrangian density
L = φ∗Ltot;
now the partial derivative ∂λ can be written as
∂λ = ∂˜λ + ∂λφ
B∂B + ∂λ∂µφ
B∂µB
where ∂˜λ denote the partial derivatives with respect to the coordinates x
λ on which the La-
grangian density Ltot depends in the explicit form.
Note that Lagrangian densities of field models almost never depend explicitly on the world
coordinates xλ. At the same time, almost all field models describe fields in the presence of
a background world metric g on the base X , except topological field theories whose classical
Lagrangian densities are independent on g [2] and the gravitation theory where a world metric
g is a dynamical field.
By a world metric on X is meant a nondegenerate fiber metric gµν in cotangent and tangent
bundles of X . In this case, the partial derivative ∂λL in the weak identity (37) contains the
term
∂L
∂gµν
∂λg
µν ,
so that the metric energy-momentum tensor of fields
tµν
√
| g | = 2
∂L
∂gµν
, | g |=| det(gµν) | .
is called into play.
The weak identity (37) and the weak transformation law (38) are basic for our analysis of
differential transformation and conservation laws in field theory.
In particular, one says that an isomorphism Φ of the bundle Y → X is an invariant trans-
formation if its jet prolongation j1Φ preserves the Lagrangian density L, that is,
j1∗ΦL = L.
Let u be a projectable vector field on Y → X . The corresponding local 1-parameter groups of
isomorphisms of Y are invariant transformations iff the strong equality
LuL = 0
holds. In this case, we have the corresponding weak conservation law
d(s∗u⌋ΞL) ≈ 0. (42)
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An isomorphism Φ of the bundle Y → X is called the generalized invariant transformation
if it preserves the Euler-Lagrange operator EL. Let u be a projectable vector field on Y → X .
The corresponding local isomorphisms of Y are generalized invariant transformations iff
LuL = h0(ǫ)
where ǫ is a closed n-form on the bundle Y → X . In this case, the weak transformation law
(38) reads
s∗ǫ ≈ d(s∗u⌋ΞL)
for every critical section s of Y → X . In particular, if ǫ = dε is an exact form, we get the weak
conservation law
d(s∗(u⌋ΞL − ε)) ≈ 0.
In particular, gauge transformations in gauge theory on a 3-dimensional base X are the
invariant transformations if L is the Yang-Mills Lagrangian density and they are the generalized
invariant transformations if L is the Chern-Simons one (see Section 12).
5 SEM conservation laws
Every projectable vector field u on the bundle Y → X which covers a vector field τ on the
base X is represented as the sum of a vertical vector field on Y → X and some lift of τ onto
Y . Hence, any differential transformation law (38) can be represented as a superposition of
some transformation law associated with a vertical vector field on the bundle Y → X and the
one induced by the lift of a vector field on the base X onto Y . Therefore, we can reduce our
consideration to transformation laws associated with these two types of vector fields on Y .
Vertical vector fields result in transformation and conservation laws of No¨ether currents.
Section 6 is devoted to them.
In general case, a vector field τ on a base X gives rise to a vector field on Y only by means
of some connection on the bundle Y → X . Such lifts result in the transformation laws of the
SEM tensors.
Given a bundle Y → X , let τ be a vector field on X and
τΓ = τ⌋Γ = τ
µ(∂µ + Γ
i
µ∂i)
its horizontal lift onto Y → X by means of a connection
Γ = dxµ ⊗ (∂µ + Γ
i
µ∂i)
on Y . In this case, the weak identity (37) is written
∂µτ
µL+ [τµ∂µ + τ
µΓiµ∂i + (∂λ(τ
µΓiµ) + τ
µyjλ∂jΓ
i
µ − y
i
µ∂λτ
µ)∂λi ]L −
∂̂λ[π
λ
i (τ
µΓiµ − τ
µyiµ) + δ
λ
µτ
µL] ≈ 0. (43)
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One can simplify it as follows:
τµ{[∂µ + Γ
i
µ∂i + (∂λΓ
i
µ + y
j
λ∂jΓ
i
µ)∂
λ
i ]L − ∂̂λ[π
λ
i (Γ
i
µ − y
i
µ) + δ
λ
µL]} ≈ 0.
Let us emphasize that this relation takes place for arbitrary vector field τ on X . Therefore, it
is equivalent to the system of the weak identities
[∂µ + Γ
i
µ∂i + (∂λΓ
i
µ + y
j
λ∂jΓ
i
µ)∂
λ
i ]L − ∂̂λ[π
λ
i (Γ
i
µ − y
i
µ) + δ
λ
µL] ≈ 0. (44)
On solutions s of the Euler-Lagrange equations, the weak identity (43) comes to the weak
transformation law
s∗LτΓL+
d
dxλ
[τµTΓ
λ
µ(s)]ω ≈ 0
and to the equivalent system of the weak transformation laws
[∂µ + Γ
i
µ∂i + (∂λΓ
i
µ + ∂λs
j∂jΓ
i
µ)∂
λ
i ]L+
d
dxλ
[πλi (∂µs
i − Γiµ)− δ
λ
µL] ≈ 0 (45)
where TΓ
λ
µ(s) is the SEM tensor given by the components of the T
∗X-valued (n− 1)-form
TΓ(s) = −(Γ⌋ΞL) ◦ s = [π
λ
i (∂µs
i − Γiµ)− δ
λ
µL]dx
µ ⊗ ωλ
on X .
It is readily observed that the first and the second terms in (45) taken separately fail
to be well-behaved objects. Therefore, only their combination may result in the satisfactory
transformation or conservation law.
For instance, let a Lagrangian density L depend on a background metric g on the base X .
In this case, we have
∂µL = −t
α
β
√
| g |{βµα}
where {βµα} are the Christoffel symbols of the metric g and
tαβ = g
αγtγβ,
by definition, is the metric energy-momentum tensor. Then, the weak transformation law (45)
takes the form
−tαβ
√
| g |{βµα}+ [Γ
i
µ∂i + (∂λΓ
i
µ + ∂λs
j∂jΓ
i
µ)∂
λ
i ]L+
d
dxλ
[πλi (∂µs
i − Γiµ)− δ
λ
µL] ≈ 0,
and, under suitable conditions of symmetries of the Lagrangian density L, it may come to the
covariant conservation law
∇αt
α
β = 0
where ∇α denotes the covariant derivative relative to the connection {
β
µα}.
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Note that, if we consider another Lepagian equivalent (27) of the Lagrangian density L, the
SEM transformation law takes the form
s∗LτΓL+
d
dxλ
[τµT ′Γ
λ
µ(s)]ω ≈ 0
where
T ′Γ
λ
µ = TΓ
λ
µ −
d
dxν
[(∂µs
i − Γiµ)c
λν
i ],
that is, the SEM tensors T ′Γ
λ
µ and TΓ
λ
µ differ from each other in the superpotential-type term
−
d
dxν
[(∂µs
i − Γiµ)c
λν
i ].
In particular, if the bundle Y is provided with a fiber metric aYij , one can choose
cµνi = a
Y
ijg
µαgνβRjαβ
where R is the curvature of the connection Γ on the bundle Y and g is a metric on X . In this
case, the superpotential contribution into the SEM tensor is
−
d
dxν
[aYijg
λαgνβ(∂µs
i − Γiµ)R
j
αβ ].
Let us now consider the weak identity (43) when a vector field τ on the base X gives rise
to a vector field on Y by means of different connections Γ and Γ′ on Y → X . Their difference
result in the weak identity
[τµσiµ∂i + (∂λ(τ
µσiµ) + y
j
λ∂j(τ
µσiµ))∂
λ
i ]L − ∂̂λ[π
λ
i τ
µσiµ] ≈ 0 (46)
where σ = Γ′ − Γ is a soldering form on the bundle Y → X and
τ⌋σ = τµσiµ∂i (47)
is a vertical vector field. It is readily observed that the identity (46) is exactly the weak identity
(37) in case of the vertival vector field (47).
It follows that every SEM transformation law contains a No¨ether transformation law. Con-
versely, every No¨ether transformation law associated with a vertical vector field uV on Y → X
can be obtained as the difference of two SEM transformation laws if the vector field uV takes
the form
uV = τ⌋σ
where σ is some soldering form on Y and τ is a vector field on X . In field theory, this
representation fails to be unique. On the contrary, in Newtonian mechanics there is the 1:1
correspondence between the vertical vector fields and the soldering forms on the bundle
R× F → F.
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Note tha one can consider the pullback of the first order Lagrangian density L and their
Lepagian equivalents onto the infinite order jet space J∞Y . In this case, there exists the
canonical lift τ∞H (16) of a vector field τ on X onto J
∞Y . One can treat this lift as the
horizontal lift of τ by means of the canonical connection
Γ∞ = dx
µ ⊗ (∂µ + y
i∂i + y
i
λ∂
λ
i + · · ·)
on the bundle J∞Y → X .
6 Stress-energy conservation laws in mechanics
Let us consider a bundle Y → R. The first order jet manifold J1Y of Y plays the role of the
configuration space of the Newtonian mechanics [13].
For the sake of simplicity, we choose a connection Γ0 on the bundle Y and set the corre-
sponding splitting
Y = R× F (48)
coordinatized by (t, yi). Then we have
J1Y = R× ATF (49)
where ATF denotes the affine tangent bundle of the manifold F . This is the affine bundle
modelled on the vector bundle
R× TF → R× F.
It is coordinatized by (t, yi, yit) where y
i
t are the affine fiber coordinates of ATF associated with
the induced fiber coordinates y˙i of the tangent bundle TF . The derivative coordinates yit make
the sense of velocities with respect to the reference frame defined by the connection Γ0 and
the splitting (48). Note that, in mechanics, Lagrangian densities are polynomial in the affine
coordinates yit. Therefore, they factorize in the following way
L : R×ATF
DΓ→R× TF → R
where DΓ is the covariant differential relative to some connection Γ on Y . From the physical
point of view, such a connection Γ defines some reference frame so that the quantities
y˙i ◦DΓ = y
i
t − Γ
i
can be treated as velocities with respect to this refernce frame. In particular,
y˙i ◦DΓ0 = y
i
t.
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Every connection Γ on the bundle Y (48) takes the form
Γ : R× F →
R
R×ATF,
Γ = dt⊗ (∂t + Γ
i∂i) = Γ0 + σ, (50)
where
σ : R× F → V (R× F ) = R× TF
is a soldering form. It is readily observed that there exists the 1:1 correspondence
u = ∂t⌋σ = σ
i∂i (51)
between the soldering forms σ and the vertical vector fields u on the bundle (48) or, that is the
same, between the soldering forms σ on the bundle (48) and the time-dependent vector fields
pr2 ◦ σ : R× F → TF
on the manifold F .
Let us consider the canonical vector field τ = ∂t on the base R of the bundle (48). Its
horizontal lift τΓ onto Y by means of the connection Γ (50) reads
τΓ = ∂t + Γ
i∂i = τ0 + u
where τ0 denotes the horizontal lift of τ by means of the trivial connection Γ0 and u is the
vertical vector field (51) on Y . The jet lift (9) of τΓ onto the jet manifold (49) is written
τΓ = ∂t + Γ
i∂i + (∂tΓ
i + yjt∂jΓ
i)∂ti . (52)
Let L = Ldt be a Lagrangian density on the configuration space (49). Remind that, since
n = 1, there exists the unique Lepagian equivalent
ΞL = (L− πiy
i
t)dt+ πidy
i
of L.
Computing the Lie derivative of the Lagrangian density L by the vector field (52), we get
the following weak transformation law (45) on solutions si(t) of the Lagrange equation:
[∂t + Γ
i∂i + (∂tΓ
i + ∂ts
j∂jΓ
i)∂ti ]L+
d
dt
[πi(∂ts
i − Γi)− L] ≈ 0. (53)
We call it the stress-energy (SE) transformation law and
EΓ = πi(∂ts
i − Γi)− L (54)
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the SE function relative to the connection Γ.
If Γ = Γ0, the transformation law (53) takes the familiar form of the energy transformation
law in the Lagrangian mechanics
∂tL+
d
dt
(πis˙
i −L) ≈ 0. (55)
Let us consider the difference of the transformation laws (53) and (55):
[σi∂i + (∂tσ
i + ∂ts
j∂jσ
i)∂ti ]L −
d
dt
(πiσ
i) ≈ 0.
It is exactly the weak transformation law (38) of the No¨ether current
J = πiσ
i
corresponding the vertical vector field (51).
Moreover, every No¨ether transformation law in mechanics can be recovered in this way due
to the 1:1 correspondence (51) between vertical vector fields and soldering forms on the bundle
(48). It follows that, in Lagrangian mechanics, every first integral of motion is a part of the SE
function relative to the suitable connection (50).
The following example may help to clarify the physical meaning of the SE function EΓ (54)
with respect to the connection Γ.
Let us consider the connection
Γi = ait (56)
on the bundle (48) which defines the accelerated reference frame with respect to Γ0. Consider
the Lagrangian density
L =
1
2
M(yit − a
it)2dt
which describes the free massive particle relative to the reference frame Γ. It is easy to see that
the SE function relative to connection (56) is conserved. It is exactly the energy of the massive
particle with respect to the reference frame Γ.
7 No¨ether conservation laws
Let us consider the weak identity (38) when u is a vertical vector field on the bundle Y → X .
It takes the form
s∗LuL ≈
d
dxλ
T λ, (57)
(ui∂i + ∂̂λu
i∂λi )L ≈ ∂̂λ(π
λ
i u
i),
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where
T = u⌋ΞL = π
λ
i u
iωλ (58)
is called the No¨ether current relative to the vertical vector field u.
If the Lie derivative of the Lagrangian density L by the vertical vector field u satisfies the
strong condition
LuL = 0,
we get the weak conservation law (42) of the No¨ether current (58):
d
dxλ
T λ ≈ 0.
The gauge theory gives the well-known examples of No¨ether conservation laws.
Let P → X be a principal bundle with a structure Lie group G which acts freely and
transitively on P on the right:
rg : p 7→ pg, p ∈ P, g ∈ G. (59)
A principal connection A on the principal bundle P → X is defined to be a G-equivariant
connection on P , i.e. A : P → J1P with
j1rg ◦A = A ◦ rg
for each canonical morphism (59). There is the 1:1 correspondence between the principal
connections on a principal bundle P → X and the global sections of the quotient
C = J1P/G (60)
of the jet bundle J1P → P by the first order jet prolongations of the canonical morphisms
(59). We call C → X the bundle of principal connections. It is an affine bundle modelled on
the vector bundle
C = T ∗X ⊗ V GP
where
V GP = V P/G
is the quotient of the vertical tangent bundle V P of P by the canonical action of G on V P .
Its standard fiber is the Lie algebra Gr of the right-invariant vector fields on the group G. The
group G acts on this standard fiber by the adjoint representation.
Given a bundle atlas ΨP of P , the bundle of principal connections C is provided with the
bundle coordinates (xµ, kmµ ) so that, for every section A of C,
(kmµ ◦ A)(x) = A
m
µ (x)
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are the coefficients of the local connection 1-forms on X corresponding to the principal con-
nection A with respect to the atlas ΨP . The first order jet manifold J1C of the bundle C is
provided with the adapted coordinates (xµ, kmµ , k
m
µλ).
Let
E = (P × V )/G
be a vector bundle associated with the principal bundle P → X . Its sections describe matter
fields. Every principal connection A on the principal bundle P yields the associated connection
ΓA = dx
λ ⊗ [∂λ + A
m
µ (x)Im
i
jy
j∂i] (61)
on E where Amµ (x) are the coefficients of the local connection 1-forms and Im are the generators
of the structure group G on the standard fiber V of the bundle E.
In case of unbroken symmetries, the total configuration space of gauge theory is the product
J1E×
X
J1C. (62)
In gauge theory, several types of gauge transformations are considered. To get the No¨ether
conservation laws, we restrict our consideration to vertical isomorphisms of the principal bundle
P . These are the G-equivariant isomorphism Φ of P over IdX , that is,
rg ◦ Φ = Φ ◦ rg, g ∈ G. (63)
We call them the gauge isomorphisms. As is well-known, they yield the vertical isomorphisms
of the bundle of principal connections C and the P -associated bundle E.
Let uG denote a vertical vector field corresponding to a local 1-parameter group of gauge
isomorphisms on P . There is the 1:1 correspondence between these fields and sections of the
bundle V GP . We call them principal vector field. The corresponding vector fields on the
P -associated vector bundle E → X which we denote by the same symbol uG reads
uG = α
m(x)Im
i
jy
j∂i
where αm(x) are the local components of uG on P . The corresponding vector field on the bundle
of principal connections C takes the form
uG = (∂µα
m + cmnlk
l
µα
n)∂µm. (64)
Hence, a principal vector field on the product C ×
X
E can be written as
uG = (u
Aλ
m ∂λα
m + uAmα
m)∂A = (∂µα
m + cmnlk
l
µα
n)∂µm + α
m(x)Im
i
jy
j∂i (65)
where the collective index A is employed.
33
A Lagrangian density L on the configuration space (62) is gauge invariant iff, for any
principal vector field uG (65), we have the strong equality
LuGL = 0.
In this case, the first variational formula (35) leads to the strong equality
(uAmα
m + uAµm ∂µα
m)δAL+ ∂̂λ[(u
A
mα
m + uAµm ∂µα
m)∂λAL] = 0
where δAL are the variational derivatives of L. Due to arbitrariness of the functions α
m(x),
this equality is equivalent to the system of the strong equalities
uAmδAL+ ∂̂µ(u
A
m∂
µ
AL) = 0, (66a)
uAµm δAL+ ∂̂λ(u
Aµ
m ∂
λ
AL) + u
A
m∂
µ
AL = 0, (66b)
uAλm ∂
µ
AL+ u
Aµ
m ∂
λ
AL = 0. (66c)
Substituting the equalities (66b) and (66c) into the equality (66a), we get the well-known
constraint conditions on the variational derivatives of the gauge invariant Lagrangian density:
uAmδAL − ∂̂µ(u
Aµ
m δAL) = 0.
On solutions of the Euler-Lagrange equations, these equalities come to the familiar No¨ether
identities for a gauge invariant Lagrangian density L:
∂̂µ(u
A
m∂
µ
AL) ≈ 0, (67a)
∂̂λ(u
Aµ
m ∂
λ
AL) + u
A
m∂
µ
AL ≈ 0, (67b)
uAλm ∂
µ
AL+ u
Aµ
m ∂
λ
AL = 0. (67c)
A glance at the identity (67b) shows that the current
Jµm = u
A
m∂
µ
AL
is reduced to the superpotential. Therefore the identity (67a) is a consequence of the identities
(67b) and (67c).
The weak identities (67a) – (67c) are the necessary and sufficient conditions that the weak
conservation law
∂̂λ[(u
A
mα
m + uAµm ∂µα
m)∂λAL] ≈ 0 (68)
is conserved under the gauge transformations. It means that, if the equality (68) takes place
for a given parameter function α(x), it remains true for arbitrary deviations α + δ of α. As a
consequence, we observe that, in virtue of the strong equalities (66b) and (66c), the conserved
No¨ether current can be brought into form
T λ = (uAmα
m + uAµm ∂µα
m)∂λAL = −α
muAλm δAL+ ∂̂µ(α
muAµm ∂
λ
AL),
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and hence it is reduced to the superpotential
T λ ≈ ∂̂µ(α
muAµm ∂
λ
AL).
Substituting this superpotential into the conservation law (68), one comes to the identity (67a)
which is the parameter-free form of the conservation law (68).
Note that another Lepagian equivalent (27) contributes to the standard No¨ether currents
(58) with the superpotential term
∂̂µu
icλµi ωλ.
At the same time, one may utilize also the strong identity (40) when ǫ is a closed n-form
on the bundle of principal connections C which coresponds to some characteristic class r of the
principal bundle P (see Section 12). Such a form ǫ is the Lepagian equivalent of the topological
Lagrangian density associated with the corresponding closed characteristic form
r(F ) = A∗ǫ
on X where F is the strenght of the principal connection A. Since this Lagrangian density is
gauge invariant, the identity (40) takes the form
0 = dHh0(uG⌋ǫ)
and so provides the superpotential term h0(uG⌋ǫ) in the No¨ether currents.
8 General covariance condition
In this Section, we consider the class of bundles T → X which admit the canonical lift of vector
fields τ on X . They are called the bundles of geometric objects. In fact, such canonical lift is
the particular case of the horizontal lift of a field τ with respect to the suitable connection on
the bundle T → X .
Let τ = τµ∂µ be a vector field on the manifold X . There exists the canonical lift
τ˜ = Tτ = τµ∂µ + ∂ντ
αx˙ν
∂
∂x˙α
(69)
of τ onto the tangent bundle TX of X . This lift consists with the horizontal lift of τ by means
the symmetric connection K on the tangent bundle which has τ as the integral section or as
the geodesic field:
∂ντ
α +Kαµντ
µ = 0.
Generalizing the canonical lift (69), one can construct the canonical lifts of a vector field τ
on X onto the following bundles over X . For the sake of simplicity, we denote all these lifts by
the same symbol τ˜ . We have:
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• the canonical lift
τ˜ = τµ∂µ − ∂βτ
ν x˙ν
∂
∂x˙β
of τ onto the cotangent bundle T ∗X ;
• the canonical lift
τ˜ = τµ∂µ + [∂ντ
α1 x˙να2···αmβ1···βk + . . .− ∂β1τ
ν x˙α1···αmνβ2···βk − . . .]
∂
∂x˙α1 ···αmβ1···βk
of τ onto the tensor bundle
T kmX = (
m
⊗TX)⊗ (
k
⊗T ∗X);
• the canonical lift
τ˜ = τµ∂µ + [∂ντ
αkνβµ − ∂βτ
νkανµ − ∂µτ
νkαβν − ∂βµτ
α]
∂
∂kαβµ
of τ onto the bundle C of the linear connections on TX .
One can think of the vector fields τ˜ on a bundle of geometric objects T as being the vector
fields associated with local 1-parameter groups of the holonomic isomorphisms of T induced by
diffeomorphisms of its base X . In particular, if T = TX they are the tangent isomorphisms.
We call these isomorphisms the general covariant transformations.
Let T be the bundle of geometric objects and L a Lagrangian density on the configuration
space J1T . Given a vector field τ on the base X and its canonical lift τ˜ onto T , one may utilize
the first variational formula (36) in order to get the corresponding SEM transformation law.
The left side of this formula can be simplified if the Lagrangian density satisfies the general
covariance condition.
Note that, if the Lagrangian density L depends on background fields, we should consider
the corresponding total bundle (41) and the Lagrangian density Ltot on the total configuration
space J1Ttot. We say that the Lagrangian density L satisfies the general covariance condition if
Ltot is invariant under 1-parameter groups of general covariant transformations of Ttot induced
by diffeomorphisms of the base X . It takes place iff, for any vector field τ on X , the Lagrangian
density Ltot obeys the equality
Lj1
0
τ˜Ltot = 0 (70)
where τ˜ is the canonical lift of τ onto Ttot and j
1
0 τ˜ is the jet lift of τ˜ onto J
1Ttot.
If the Lagrangian density L does not depend on background fields, the equality (70) comes
to
Lj1
0
τ˜L = 0. (71)
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Substituting it in the first variational formula (36), we get the week conservation law
0 ≈ dHh0(τ˜⌋ΞL). (72)
One can show that the conserved quantity is reduced to a superpotential term.
Here, we verify this fact in case of a tensor bundle T → X . Let it be coordinatized by
(xλ, yA) where the collective index A is employed. Given a vector field τ on X , its canonical
lift τ˜ on T reads
τ˜ = τλ∂λ + u
Aβ
α∂βτ
α∂A.
Let a Lagrangian density L on the configuration space J1T be invariant under general
covarian transformations. Then, it satisfies the equality (71) which takes the coordinate form
∂α(τ
αL) + uAβα∂βτ
α∂AL+ ∂̂µ(u
Aβ
α∂βτ
α)∂µAL − y
A
α∂βτ
α∂βAL = 0. (73)
Due to the arbitrariness of the functions τα, the equality (73) is equivalent to the system of the
equalities
∂λL = 0, (74a)
δβαL+ u
Aβ
α∂AL+ ∂̂µ(u
Aβ
α)∂
µ
AL − y
A
α∂
β
AL = 0, (74b)
uAβα∂
µ
AL+ u
Aµ
α∂
β
AL = 0. (74c)
It is readily observed that the equality (74b) can be brought into the form
δβαL+ u
Aβ
αδAL+ ∂̂µ(u
Aβ
α∂
µ
AL) = y
A
α∂
β
AL (75)
where δAL are the variational derivatives of the Lagrangian density L. Substituting the relations
(75) and (74c) into the weak identity
0 ≈ ∂̂λ[(u
Aβ
α∂βτ
α − yAα τ
α)∂λAL+ τ
λL]
(72), we get the conservation law
0 ≈ ∂̂λ[−u
Aλ
αδALτ
α − ∂̂µ(u
Aλ
α∂
µ
ALτ
α)] (76)
where the conserved current is reduced to the superpotential term
Qτ˜
λ = −uAλαδALτ
α − ∂̂µ(u
Aλ
α∂
µ
ALτ
α). (77)
In Part 2 of the work, we shall turn to the equality (71) and the conservation law (72) in
case of the bundle of linear connections.
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For general field models, we have the product T × Y of a bundle T → X of geometric
objects and some other bundle Y → X . The lift of a vector field τ on the base X onto the
corresponding configuration space
J1T ×
X
J1Y
reads
τ = j10 τ˜ + τ
µΓiµ∂i + (∂λ(τ
µΓiµ) + τ
µyjλ∂jΓ
i
µ − y
i
µ∂λτ
µ)∂λi
where Γ is a connection on the bundle Y → X .
In this case, we can not say anything about the general covariance condition independently
on the invariance of a Lagrangian density with respect to the internal symmetries.
For instance, let P → X be a principal bundle with the structure Lie group G. Let us
consider general gauge isomorphisms Φ of this principal bundle over diffeomorphisms of the
base X . They satisfy the relation (63). We denote by uG the projectable vector fields on P cor-
responding to local 1-parameter groups of such isomorphisms. There is the 1:1 correspondence
between these vector fields and sections of the bundle
TGP = TP/G.
We call them the general principal vector fields. In particular, one can show that, given a vector
field τ on the base X , its horizontal lift onto the principal bundle P by means of a principal
connection on P is a general principal vector field [11].
General gauge isomorphisms of the principal bundle P , as like as its vertical isomorphisms,
yield the corresponding isomorphisms of the associated bundles E and the bundle of principal
connections C. We denote by the same symbol uG the corresponding general principal vector
fields on these bundles.
Let us consider the product
S = C ×
X
E×
X
T
where T → X is a bundle of geometric objects. Let a Lagrangian density L on the corre-
sponding configuration space J1S be invariant under the isomorphisms of the bundle S which
are general gauge isomorphisms of C × E over diffeomorphisms of the base X and the general
covariant transformations of T induced by these diffeomorphisms of X . In particular, vertical
isomorphisms of S consist of vertical isomorphisms of C × E only. It should be emphasized
that the general gauge isomorphisms of the bundle C × E and those of the bundle T taken
separately are not the bundle isomorphisms of the product S because they must cover the same
diffeomorphisms of the base X of Y . At the same time, one can say that the Lagrangian den-
sity L satisfies the general covariance condition in the sense that it is invariant under general
isomorphisms of the bundle S [11].
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This is phrased in terms of the Lie derivatives as follows. Keeping the notation of the
previous Section, let
uG = τ
λ∂λ + u
A∂A
be a general principal vector field on the product C×E which is projected onto the vector field
τ = τλ∂λ
on the base X . The corresponding general principal vector field on the bundle Y reads
u˜G = τ˜ + u
A∂A (78)
where τ˜ is the canonical lift of τ onto the bundle of geometric objects T . A Lagrangian density
L is invariant under general isomorphisms of the bundle S iff
Lj1
0
u˜G
L = 0 (79)
where the jet lift j10 u˜G of the vector field u˜G takes the coordinate form
j10 u˜G = j
1
0 τ˜ − y
A
µ ∂λu
A∂λA + u
A∂A + ∂̂λu
A∂λA.
There are the topological field theories, besides the gravitation theory, where we can utilize
the condition (79).
9 SEM tensor of matter fields
In gauge theory, scalar matter fields possessing internal symmetries are described by sections
of a vector bundle
E = (P × V )/G
associated with a principal bundle P . This bundle is assumed to be provided with a G-invariant
fiber metric aE . Because of the canonical vertical splitting V E = E × E, the metric aE is a
fiber metric in the vertical tangent bundle V E → X . Every principal connection A on the
principal bundle P yields the associated connection (61) on E.
On the configuration space J1Y coordinatized by (xλ, yi, yiλ), the Lagrangian density of
matter fields in the presence of a background connection ΓA (61) on Y and a background
metric g on X reads
L(m) =
1
2
aEij[g
µν(yiµ − Γ
i
µ)(y
j
ν − Γ
j
ν)−m
2yiyj]
√
|g|ω. (80)
Let us consider the weak identity (44) when L is the Lagrangian density (80) and Γ is the
connection ΓA. It is brought into the form
− tαβ
√
| g |{βµα}+ Γ
i
µ∂˜iL+ (y
j
λ − Γ
j
λ)∂jΓ
i
µπ
λ
i + π
λ
i R
i
λµ + ∂̂λ[π
λ
i (y
i
µ − Γ
i
µ)− δ
λ
µL] ≈ 0 (81)
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where ∂˜i denote the partial derivatives with respect to the coordinates y
i on which the Lagran-
gian density L(m) depends in the explicit form, and
Riλµ = F
m
λµIm
i
js
j
is the curvature of the connection ΓA.
It is easily to verify that
Im
i
jy
j∂˜iL = 0,
Im
i
j(y
j
λ − Γ
j
λ)π
λ
i = 0,
and that, for any matter field s, the SEM tensor relative to the connection ΓA consists with
the metric energy-momentum tensor:
πλi (∂µs
i − Γiµ)− δ
λ
µL = t
λ
µ
√
| g |.
Hence, the SEM transformation law (81) for matter fields comes to the covariant transformation
law √
| g |∇λt
λ
µ ≈ −π
λ
i R
i
λµ (82)
where ∇α denotes the covariant derivative relative to the Levi-Civita connection {
β
µα} of the
background world metric g.
10 SEM tensors of gauge potentials
In contrast with the matter fields, different gauge potentials require different SEM tensors.
Let P → X be a principal bundle with a structure semisimple Lie group G and C the bundle
of principal connections (60) coordinatized by (xµ, kmµ ).
There exists the canonical splitting
J1C = C+⊕
C
C− = (J
2P/G)⊕
C
(
2
∧T ∗X ⊗
C
V GP ), (83)
kmµλ =
1
2
(kmµλ + k
m
λµ + c
m
nlk
n
λk
l
µ) +
1
2
(kmµλ − k
m
λµ − c
m
nlk
n
λk
l
µ),
over C. There are the corresponding surjections
S : J1C → C+, S
m
λµ = k
m
µλ + k
m
λµ + c
m
nlk
n
λk
l
µ,
F : J1C → C−, F
m
λµ = k
m
µλ − k
m
λµ − c
m
nlk
n
λk
l
µ.
In particular, if A is a section of C, then
F = F ◦ A
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is the strenght of A.
On the configuration space (83), the conventional Yang-Mills Lagrangian density LYM of
gauge potentials in the presence of a background world metric g on the base X is given by the
expression
LYM =
1
4ε2
aGmng
λµgβνFmλβF
n
µν
√
|g|ω (84)
where aG is a nondegenerate G-invariant metric in the Lie algebra of G.
Given a symmetric connection K on the tangent bundle TX , every principal connection B
on P gives rise to the connection
Γmµλ = ∂µB
m
λ − c
m
nlk
n
µB
l
λ −K
β
µλ(B
m
β − k
m
β ) (85)
on the bundle of principal connections C.
Let τ be a vector field on the base X and
τBK = τ
λ{∂λ + [∂µB
m
λ − c
m
nlk
n
µB
l
λ −K
β
µλ(B
m
β − k
m
β )]∂
µ
m} (86)
its horizontal lift onto C by means of the connection (85). For every vector field τ , one can
choose the connection K on the tangent bundle TX which has τ as the geodesic field. In this
case, the horizontal lift (86) of the vector field τ comes to its canonical lift
τB = τ
λ∂λ + [τ
λ(∂µB
m
λ − c
m
nlk
n
µB
l
λ) + ∂µτ
λ(Bmλ − k
m
λ )]∂
µ
m (87)
by means of the principal connection B on the principal bundle P [11]. The vector field (87)
is just the general principal vector field on C that has been mentioned in the previous Section.
Hence, the Lie derivative of the Lagrangian density (84) by the jet lift τB of the field τB comes
to
LτBLYM = (∂λτ
λLYM + τ
λ∂λLYM −F
m
µν∂λτ
µπνλm )ω.
The corresponding SEM transformation law takes the form
∂λτ
λLYM − τ
µtαβ
√
| g |{βµα} − F
m
µν∂λτ
µπνλm ≈ (88)
∂̂λ[π
νλ
m (τ
µ(∂νB
m
µ − c
m
nlk
n
νB
l
µ) + ∂ντ
µ(Bmµ − k
m
µ )− τ
µkmνµ) + δ
λ
µτ
µLYM]
where
tαβ =
1√
| g |
(πναm F
m
βν − δ
α
βLYM)
is the metric energy-momentum tensor of gauge potentials.
Let A be a solution of the Yang-Mills equations. Let us consider the lift (87) of the vector
field τ on X onto C by means of the principal connection B = A. In this case, the SEM
transformation law (88) on the critical section A takes the form
τµtαβ
√
| g |{βµα} ≈ τ
µ d
dxλ
(πνλm F
m
µν − δ
λ
µLYM),
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and thus it comes to the covariant conservation law√
| g |∇λt
λ
µ ≈ 0. (89)
Note that, in general case of the principal connection B, the corresponding SEM transfor-
mation law (88) differs from the covariant conservation law (89) in the No¨ether conservation
law
∂̂λ(π
νλ
m uG
m
ν ) ≈ 0
where
uG = (∂να
m + cmnlk
l
να
n)∂νm,
αm = τµ(Bmµ − A
m
µ )
is the principal vector field (64) on C.
It should be emphasized that, in order to get the energy-momentum transformation laws
(82) and (89), the gauge symmetries of the Lagrangian densities (80) and (84) respectively have
been used.
11 SEM tensors of Proca fields
Proca fields which are described by sections of the cotangent bundle T = T ∗X exemplify a field
model on bundles of geometric objects, without internal symmetries. In Part 2 of the work, we
shall utilize Proca fields as the matter source of a gravitational field. In this Section, the SEM
transformation law of Proca fields in the presence of a background world metric is examined.
The configuration space J1T of Proca fields is coordinatized by (xλ, kµ, kµλ) where kµ = x˙µ
are the familiar induced coordinates of T ∗X . On this configuration space, the Lagrangian
density of Proca fields is written as
LP = [−
1
4γ
gµαgνβFαβFµν −
1
2
m2gµλkµkλ]
√
| g |ω (90)
where
Fµν = kνµ − kµν .
The associated Poincare´-Cartan form on J1T reads
ΞP = (LP − π
µλkµλ)ω + π
µλdkµ ∧ ωλ, (91)
πµλ = −
1
γ
gµαgλβFβα
√
| g |.
The Euler-Lagrange operator is
EP =
√
| g |[−m2gαβkα − ∂̂µπ
βµ]dkβ ∧ ω = δ
βLdkβ ∧ ω (92)
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where δβL are variational derivatives of the Lagrangian density LP.
Let τ be a vector field on the base X and
τ˜ = τµ∂µ − ∂ατ
νkν
∂
∂kα
its canonical lift onto T ∗X .
The Lie derivative of the Lagrangian density (90) by the jet lift j10 τ˜ of the field τ˜ is
Lj1
0
τ˜LP = (∂λτ
λLP + τ
λ∂λLP −Fµν∂λτ
µπνλ +m2gνλ∂λτ
µkνkµ
√
| g |)ω.
Then, the corresponding SEM transformation law
Lj1
0
τ˜LP ≈ ∂̂λ[π
νλ(−∂ντ
µkµ − τ
µkνµ) + τ
λL]
(37) takes the form
− ∂λτ
µtλµ
√
| g | − τµtαβ
√
| g |{βµα} ≈ ∂̂λ[−τ
µtλµ
√
| g |+ τ νkνδ
λL − ∂̂µ(π
µλτ νkν)], (93)
− tλµ
√
| g | = πνλFνµ +m
2gνλkµkν
√
| g |+ δλµLP. (94)
A glance at the expression (93) shows that the SEM tensor of the Proca field
Tτ
λ = τµtλµ
√
| g | − τ νkνδ
λL+ ∂̂µ(π
µλτ νkν) (95)
is the sum of the familiar metric energy-momentum tensor and the superpotential term
Qτ
λ = −τ νkνδ
λL+ ∂̂µ(π
µλτ νkν) (96)
which is the particular case of the superpotential term (77). This term however does not make
any contribution into the differential conservation law (93) which thus takes the standard form
∇λt
λ
µ
√
| g | ≈ 0.
At the same time, the superpotential term reflects the partial invariance of the Lagrangian
density (90) under general covariant transformations broken by the background metric field. In
gravitation theory, when the general covariant transformations are exact, the total superpoten-
tial term contains the whole SEM tensor (95) of Proca fields (see Section 14). Thus, the Proca
field model examplifies the phenomenon of ”hidden energy”. Only the superpotential part of
energy-momentum is displayed if the general covariant transformations are exact.
It is readily observed that the superpotential term arise due to the fact that the canonical
lift τ˜ of a vector field τ on X depends on the derivatives of the components of the field τ .
Therefore, superpotential terms are the standard attributes of SEM tensors in field models on
bundles of geometric objects.
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12 Topological gauge theories
The field models that we have investigated in the fomer Sections show that when a background
world metric is present, the SEM transformation law comes to the covariant conservation law
of the metric energy-momentum tensor. Topological gauge theories exemplify the field models
in the absence of a world metric.
Let us consider the Chern-Simons gauge model on a 3-dimensional base manifold X3 [2, 19,
37].
Let P → X3 be a principal bundle with a structure semisimple Lie group G and C the
corresponding bundle of principal connections (60) which is coordinatized by (xλ, kmλ ). Keeping
the notations of the previous Section, the Chern-Simons Lagrangian density is given by the
coordinate expression
LCS =
1
2k
aGmnε
αλµkmα (F
n
λµ +
1
3
cnpqk
p
λk
q
µ)d
3x (97)
where εαλµ is the skew-symmetric Levi-Civita tensor.
It is readily observed that the Lagrangian density (97) is not gauge invariant and globally
defined. At the same time, it provides the globally defined Euler-Lagrange operator
ELCS =
1
k
aGmnε
αλµFnλµdk
m
α ω.
Thus, the gauge transformations in the Chern-Simons model appear to be the generalized
invariant transformations which keep invariant the Euler-Lagrange equations, but not the La-
grangian density. Solutions of these equations are the curvature-free principal connections A
on the principal bundle P → X3.
Though the Chern-Simons Lagrangian density is not invariant under gauge transformations,
we still have the No¨ether-type conservation law in which the total conserved current is the
standard No¨ether current (58) plus the additional term as follows.
Let uG be the principal vector field (64) on the bundle of principal connections C. We
compute
LuGLCS =
1
k
aGmnε
αλµ∂α(α
m∂λA
n
µ)d
3x.
Hence, the No¨ether transformation law (57) comes to the conservation law
d
dxλ
TCS
λ =
d
dxλ
(T λ +
1
k
aGmnε
αλµαm∂αA
n
µ) ≈ 0 (98)
where
T λ = πµλn uG
n
µ =
1
k
aGmnε
αλµAmα uG
n
µ
is the standard No¨ether current. After simplification, the conservation law (98) takes the form
d
dxλ
(
1
k
aGmnε
αλµαmF nαµ) ≈ 0.
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In the Chern-Simons model, the total conserved current TCS is equal to zero. At the same time,
if we add the Chern-Simons Lagrangian density to the Yang-Mills one, TCS plays the role of the
massive term and makes the contribution into the standard No¨ether current of the Yang-Mills
gauge theory.
Turn now to the SEM transformation law in the Chern-Simons model.
Let τ be a vector field on the base X and τB its lift (87) onto the bundle C by means
of a section B of C. Remind that the vector fields τB are the general principal vector fields
associated with local 1-parameter groups of general gauge isomorphisms of C. We compute
LτBLCS =
1
k
aGmnε
αλµ∂α(τ
νBmν ∂λA
n
µ)d
3x.
The corresponding SEM transformation law takes the form
d
dxλ
TCS
λ =
d
dxλ
(T λ −
1
2k
aGmnε
αλµτ νBmν ∂αA
n
µ) ≈ 0 (99)
where
T λ = πµλn [τ
ν∂νA
m
µ − τ
ν(∂µB
n
ν − c
n
pqA
p
µB
q
ν)− ∂µτ
ν(Bnν −A
n
ν )]− δ
λ
ν τ
νLCS
is the standard SEM tensor relative to the lift τB of the vector field τ .
Let A be a critical section. We consider the lift (87) of the vector field τ on X onto C by
means of the principal connection B = A, just as we have done in the previous Section. Then,
the SEM conservation law (99) comes to the conservation law
d
dxλ
[
1
k
aGmnτ
νεαλµAmα F
n
νµ − τ
λLCS] =
d
dxλ
(−
1
6k
τλεανµcnpqA
n
αA
p
νA
q
µ) ≈ 0. (100)
Note that, since the gauge symmetry of the Chern-Simons Lagrangian density is broken,
the SEM conservation law (100) fails to be invariant under gauge transformations.
Let us consider Lagrangian densities of topological gauge models which are invariant under
the general gauge isomorphisms of the bundle C. Though they imply the zero Euler-Lagrange
operators, the corresponding strong identities may be utilized as the superpotential terms when
such a topological Lagrangian density is added to the Yang-Mills one.
Let P → X be a principal bundle with the structure Lie group G. Let us consider the
bundle J1P → C. This also is a G principal bundle. Due to the canonical vertical splitting
V P = P × Gl
where Gl is the left Lie algebra of the group G, the complementary morphism (8) of J
1P defines
the canonical G-valued 1-form θ on J1P . This form is the connection form of the canonical
principal connection on the principal bundle J1P → C [10]. Moreover, if
ΓA : P → J
1P
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is a principal connection on P and A the corresponding connection form, we have
Γ∗Aθ = A.
If Ω and RA are the curvature 2-forms of the connections θ and A respectively, then
Γ∗AΩ = RA.
Local connection 1-forms on C associated with the canonical connection θ are given by the
coordinate expressions
kmµ dx
µ ⊗ Im.
The corresponding curvature 2-form on C reads
ΩC = (dk
m
µ ∧ dx
µ −
1
2
cmnlk
n
µk
l
νdx
ν ∧ dxµ)⊗ Im.
Let I(G) be the algebra of real G-invariant polinomial on the Lie algebra G of the group
G. Then, there is the well-known Weyl homomorphism of I(G) into the De Rham cohomology
algebra H∗(C,R). In virtue of this isomorphism, every k-linear element r ∈ I(G) is represented
by the cohomology class of the closed characteristic 2k-form r(ΩC) on C. If A is a section of
C, we have
A∗r(ΩC) = r(F )
where F is the strenght of A and r(F ) is the corresponding characteristic form on X .
Let dimX be even and a characteristic n-form r(ΩC) on C exist. This is a Lepagian form
which defines a gauge invariant Lagrangian density
Lr = h0(r(ΩC))
on the jet manifold J1C. The Euler-Lagrange operator associated with Lr is equal to zero.
Then, for any projectable vector field u on C, we have the strong relation (40):
Luh0(r(ΩC)) = h0(du⌋r(ΩC)).
If u is a general principal vector field on C, this relation takes the form
0 = dH(u⌋r(ΩC)).
For instance, let dimX = 4 and the group G be semisimple. Then, the characteristic
Chern-Pontriagin 4-form
r(ΩC) = a
G
mnΩ
n
C ∧ Ω
m
C .
It is the Lepagian equivalent of the Chern-Pontriagin Lagrangian density
L =
1
k
aGmnε
αβµνFnαβF
m
µνd
4x
of the topological Yang-Mills theory.
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